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Mixed-Convection Heat Transfer in Concave
and Convex Channels
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A numerical investigation of laminar mixed-convection heat transfer of air in concave and convex channels is
presented. Six different channel aspects ratios (R/L = 1 04, 1.25, 2.5, 5, 10, and 1 ) and � ve different values of
Gr/Re2 (Gr/Re2 = 0, 0.1, 1, 3, 5) are considered: results are displayed in terms of streamline and isotherm plots,
velocity and temperature pro� les, and local and average Nusselt number estimates. Numerical predictions reveal
that compared to straight channels of equal height concave channels of low aspect ratio have lower heat transfer
at relatively low values of Gr/Re2 and higher heat transfer at high values of Gr/Re2 . When compared to straight
channels of equal heated length, concave channels are always found to have lower heat transfer and for all values
of Gr/Re2 . On the other hand, predictions for convex channels revealed enhancement in heat transfer compared to
straight channels of equal height and/or equal heated length for all values of Gr/Re2 .

Nomenclature
cp = speci� c heat
GrL = Grashof number, g¯½2

0 .Tw ¡ T0/L3=¹2

g = gravitational acceleration
H = height of the hot wall
k = � uid thermal conductivity
L = channel inlet width
Nu = average Nusselt number
NuS = local Nusselt number
P = dimensionless pressure
Pe = Peclet number, ReLPr
Pr = Prandtl number, ¹cP=k
p = dimensional pressure
R = radius of curvature
ReL = Reynolds number, ½0v0 L=¹
S = dimensionless length of hot wall
T = dimensional temperature
TW = dimensional wall temperature
T0 = dimensional inlet temperature
U; V = dimensionless velocity components
u; v = dimensional velocity components
v0 = mean inlet velocity
X; Y = dimensionless coordinates
x; y = dimensional coordinates
¯ = thermal expansion coef� cient
µ = dimensionless temperature
¹ = dynamic viscosity
»; ´ = boundary-� tted curvilinear coordinates
½; ½0 = density and reference density

Introduction

M IXED-CONVECTION heat-transfer studies in the literature
have beenprimarily con� ned to pipe and rectangularchannel
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geometries. In some applications, however, heat transfer in curved
channels may be of interest (e.g., nozzle- and diffuser-shapedpas-
sages in heating, ventilation, and air conditioning systems, fume
hoods, chimneys, bell-shaped or dome-shaped chemical reactors,
etc.). In other applications, such as energy conservation in build-
ings, studies typically have not been made to determine the shape
that optimizes heat transfer.For a given height, curved surfacespro-
vide a larger area for heat transfer compared to straight surfaces.
Therefore, in channels having curved walls, buoyancy may signi� -
cantly augment heat transfer compared to straight channelsof equal
height. However, because of changes in the � ow cross-sectional
area associatedwith the curved surface,pressuregradient(favorable
or adverse) can aid or oppose the buoyancy-induced acceleration.
Mixed convection in channels with curved-entry surfaces has not
been seriously investigated and represents the focus of the present
investigation.The geometry selected in this paper is a generic con-
� guration of a concave or convex surface bounded by an adiabatic
wall. This study aims to explore the combined effects of pressure
gradient and buoyancy on the surface heat transfer.

Several investigations have dealt with mixed-convection heat
transfer in straight channelsand pipes. Ostrach1 studied fully devel-
oped laminar mixed convection of � uids in straight channels with
linearly varying wall temperatures. Tao2 examined analytically the
fully developedmixed-convection� ow in rectangular channels and
between two vertical parallel plates with constant axial heat � ux.
Lawrence and Chato3 used a numerical method for the calculation
of developing� ows betweenverticalplateswith either constantwall
heat � ux or constantwall temperature.Zeldin and Schmidt4 investi-
gatednumericallyandexperimentallydevelopingmixed-convection
� ows in vertical tubes. Habchi and Acharya5 presented numerical
results for laminar mixed-convectionheat transfer in symmetrically
or asymmetrically heated vertical channels.

A number of studies have also considered mixed convection
in more complex � ow con� gurations. Hong et al.6 considered
mixed convection past a two-dimensional backstep and examined
the effects of inclination angle and Prandtl number. Abu-Mulaweh
et al.7 investigated experimentally laminar mixed convection be-
hind a two-dimensional backward-facing step for the buoyancy-
opposing case. Thereafter, Abu-Mulaweh et al.8 reported measure-
ments of buoyancy-assisting,laminar mixed-convection� ow of air
alonga two-dimensional,verticalbackward-facingstep.Habchiand
Acharya9 reported on laminar mixed-convection heat transfer in a
partially blocked, vertical channel. Moukalled and Acharya10 and
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Moukalled et al.11¡13 investigated numerically laminar forced and
mixed-convection heat transfer in externally � nned pipes and ex-
amined the in� uence of pipe thermal conductivityon heat transfer.
Moukalled et al.11 extended the work reported in Moukalled and
Acharya10 to turbulent� owsituations.AgonaferandWatkins14 stud-
ied natural-convection heat transfer between diverging isothermal
plates.

Work has also been reported on forced convection past curved
surfaces.This bodyofworkhasbeenperformedprimarily in relation
to external heat transfer over turbine blades. Concave curvature is
known to destabilize laminar boundary layers that can lead to three-
dimensionaleffects. Kestoras and Simon15 and Finnis and Brown16

provide a perspective on work reported in this area. However, no
work on curved surfaces has been reported where buoyancy effects
have also been included.

From the preceding literature survey, one can see that convection
heat transfer over curved surfaces has not been given considerable
attention. The objective of this study is to bridge this gap and to an-
alyze the heat-transfer characteristicsof laminar mixed-convection
heat transfer in concave and convex channels.

Governing Equations
The physical situationunder considerationis illustratedschemat-

ically in Fig. 1a. The left wall of the channel is vertical, whereas
the right wall is curved and constitutes a part of a circle of radius
R. Depending on whether the center of the circle is to the right
or to the left of the curved surface (Fig. 1a), a concave or convex
channel is obtained, respectively. In the concave channel the � ow
cross-sectionalarea increases in the � ow direction, and an adverse
pressure gradient is experiencedby the � ow. In the convex channel
the � ow cross-sectional area decreases in the � ow direction, and a
favorablepressuregradient is experiencedby the � ow. Note that the
terms concave and convex re� ect the curvature seen by an observer
positioned outside the channel. The � ow itself (and an observer
inside the channel) will experience the opposite curvature.

The thermal boundary condition considered is asymmetric heat-
ing where the curved wall is maintained at a uniform temperature
TW and the vertical wall is insulated. The working � uid, taken to
be air, enters the channel from the bottom with a parabolic-velocity
pro� le and a uniform temperature T0 .T0 < TW ).

The equationsgoverningthe � ow and temperature� elds are those
expressing the conservation of mass, momentum, and energy. The
two-dimensional � ow is considered to be steady, laminar, and of
constant thermal propertiesexcept for density.Moreover, variations
in densityare assumedto be small exceptwhen appearingin thebody
force term of the y-momentum equation where they are expressed
using the Boussinesq approximation.

The following dimensionless parameters are introduced to non-
dimensionalize the equations:
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where v0 is a reference velocity equal to the mean velocity of the
� ow at the inlet/exit to the concave/convex channel. The governing
differential equations in nondimensional forms can be written as
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Fig. 1a Schematic of concave and convex channels.

Fig. 1b Typical con-
trol volume.

The boundary conditions used are as follows.
At inlet:

V D 6.X ¡ X2/; U D µ D 0 (6)

Along the heated wall:

U D V D 0; µ D 1 (7)

Along the insulated walls:

U D V D @µ

@ X
D 0 (8)

At the exit:

@U

@Y
D @V

@Y
D @µ

@Y
D 0 (9)

The exit section of the channel is made long enough (as shown
in Fig. 1) to safely apply the out� ow boundary condition. For the
concave channel, where � ow separation occurs, it was necessary
to make the length of the exit chimney section to be 33 times the
height of the concave section. For the convex channel, where no
� ow separation is obtained, the exit section is only three times the
height of the convex surface.

Solution Procedure
The coupled system of equations governing the � ow and tem-

perature � elds [Eqs. (2– 5)] is solved numerically using the control
volume approach. In this method the solution domain is divided
into a number of control volumes, each associated with a main grid
point P (Fig. 1b). The discretized form is obtained by � rst express-
ing Eqs. (2– 5) using a general curvilinear coordinate system (»; ´)
and then integrating the resultingequationsover the control volume
shown in Fig. 1b. The integrated equations are reduced into alge-
braic equationsby expressingthe variationin the dependentvariable
and its derivatives in terms of the grid point values using the power
law scheme of Patankar,17 and the resulting system of algebraic
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equations is solved by a line-by-line Thomas algorithm.17 The un-
known pressure � eld is obtained using the SIMPLE algorithm of
Patankar.17 Moreover, solutions are obtained over a nonstaggered
grid in which checkerboard pressure and velocity � elds are elimi-
nated throughthe use of the pressureweighted interpolationmethod
(PWIM) of Peric.18 All computations are performed using nonuni-
form grids with denser clustering near the walls where boundary
layers develop and high gradients are expected. Grid networks are
generated using the trans� nite interpolation technique.19

To investigate the sensitivity of the solution to the grid used, nu-
merical experiments were carried out in convex channels on three
different sizes of nonuniform grids of density: 21£ 51, 31 £ 81,
and 51 £ 101. The computed average Nusselt number values for
R=L D 1:25 are shown in Table 1. As depicted, the maximum dif-
ference in these values between the 31 £ 81 and 51 £ 101 grids is
less than 0.43%. The velocity and temperature pro� les on the three
different grid sizes are shown in Fig. 2 at two streamwise loca-
tions (Y D 0:5 and 0.9). The solutions are very close to each other,
with the 31 £ 81 grid solution and the 51 £ 101 grid solution show-
ing virtually identical results. Therefore, as a compromise between
smoothness and CPU time, the 31£ 81 grid system is used for all
calculations in convex channels.

Similar tests with three different grid sizes (21 £ 51, 31 £ 231,
and 51 £ 281) were conducted to determine the size of the grid
needed to obtain grid-independent solutions in concave channels.
The grid independenceis demonstratedby the velocity and temper-
ature solutions on the three grid sizes shown in Fig. 2. Again, all
three solutions are very close to each other. A 31 £ 231 grid was

Table 1 Grid size tests for concave channel

Average Nusselt number
Maximum

Grid size 21 £ 51 31 £ 81 51 £ 101 difference, %

Gr=Re2 D 0:1 9.46 9.31 9.35 0.43
Gr=Re2 D 1:0 9.77 9.69 9.71 0.21
Gr=Re2 D 3:0 10.53 10.42 10.44 0.19
Gr=Re2 D 5:0 11.08 11.02 10.99 0.29

Fig. 2 Effects of mesh sizes on velocity and temperature pro� les in concave and convex channels.

found to be adequateand was used for all computations.The signif-
icantly greater number of grid points needed in the � ow direction
are because of the longer exit section associated with the concave
channel.

As a furthercheck for accuracy, the velocitypro� le across a verti-
cally oriented,asymmetricallyheated straight channelcomputedby
Habchiand Acharya9 is comparedagainstthe pro� le obtainedby the
present code using the same � ow parameters (Fig. 3). The two sets
of results compare very well and are nearly identical, con� rming
the credibility of the solution procedure and algorithm used.

Finally, results for the concave channel were compared with
the mixed convection experiments past a backstep reported by
Abu-Mulawehet al.8 Althoughthebackstepgeometryexhibitssome
of the features of the � ow in a concave channel (i.e., � ow expan-
sion, adverse pressure gradient), there are differences in the length
of the recirculation regions and � ow patterns, and therefore a good
agreement between the two solutions is not expected.However, it is
anticipated that as the � ow recovers past the separation the results
of the two problems will approach each other. With this in mind, a
speci� c case from Ref. 8 was selected (u1 D 0:41 m/s, 1T D 10±C,
stepheightD 0:8 cm, Gr=Re2 D 0:016), and results were obtained
for an analogous concave channel with the same expansion ratio
(R=L » 41:5), Re, and Gr values. Also the same thermal boundary
conditions (constant wall temperature) as in Ref. 8 were employed.
The Nusselt number along the heated wall (downstream of the step
or curved surface) and the velocity and temperature distributionsat
threedifferentstreamwiselocations(againmeasureddownstreamof
the step) are shown in Figs. 3b– 3e. In the experiments the � ow reat-
tachment occurs in the vicinityof Y D 6, and signi� cant differences
in the backstep and concave channel results are observed upstream
of this location. This is expected because for R=L » 41:5 there is
no � ow recirculation associated with the concave channel. As can
be seen from the velocity pro� le at Y D 2:5, the backstep shows
signi� cant negative velocities, whereas for the concave channel no
negative velocities are noted. However, beyond Y D 6, the back-
step measurements and the concave channel predictions approach
each other, and at Y D 18:75 the measured and predictedpro� les are
identical to each other (Figs. 3b and 3e). The excellent agreement
between measurements and predictions following the separation
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region again points to the validity of the numerical scheme and
the grid used.

Results and Discussion
The parameters affecting heat transfer in this study are the aspect

ratio R=L , the Grashof number Gr, the Reynolds number Re, and
the Prandtl numberPr. Parameter valuesconsideredare six different
channel aspector curvature ratios (R=L D 1.04, 1.25, 2.5, 5, 10, and
1) and � ve different values of Gr=Re2 (Gr=Re2 D 0, 0.1, 1, 3, and
5). A curvature ratio of 1 represents a vertical � at channel. The
value of Re is � xed at 100 to represent laminar � ow. Air (Pr D 0:72)
is chosen as the working � uid, and, therefore, Pe is � xed at 72.

To reveal the effectsof the variousparameterson heat transfer, re-
sults are presented in terms of streamline and isotherm plots, veloc-
ity and temperature pro� les, and local and average Nusselt-number
values. The streamline and isotherm plots are presented only for a
limited vertical region of interest (and do not extend all the way to
the channel exit) to preserve clarity of the � gures.

Concave Channels

The concave-channelcon� gurationcorrespondsto thecasewhere
buoyancy and adverse pressure gradient (associated with � ow ex-
pansion) oppose each other, and thus produce counteractingeffects
on the surface heat transfer. Thus, depending on the surface curva-

Fig. 3a Velocity distributions across a straight channel heated from
one side.

Fig. 3b Comparison of local Nusselt-number distributions in a con-
cave channel with that in a channel with a backstep.

c) d) e)

Figs. 3c– 3e Comparison of velocity and temperature distributions in a concave channel with that in a channel with a backstep.

ture, and Re and Gr=Re2 values, both enhancement and degradation
of overall heat transfer is possible relative to the vertical channel
con� guration.

Streamlines and Isotherms

Streamline plots are presented in Fig. 4 for different values of
Gr=Re2 and two different values of R=L (1.04 and 2.5). As shown
in Figs. 4a– 4d, for the case where R=L D 1:04, i.e., when the con-
cave channel is nearly a quarter of a circle, and for Gr=Re2 D 0 and
0.1, a recirculationzone is formed at the exit of the concave section
of the channel and is located along the heated surface. This separa-
tion of the � ow is caused by the expansion of the channel and the
adverse pressure gradient associated with it. As Gr=Re2 increases,
the near hot-wall � uid is accelerated by buoyancy forces resulting
in a decrease in the size of the recirculation zone. For a critical
value of Gr=Re2, buoyancy forces near the hot surface come into
equilibrium with pressure and viscous forces causing separation to

Fig. 4 Streamline and isotherm plots for concave channels.
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disappear. Increasing Gr=Re2 beyond that value, buoyancy forces
overwhelm pressure and viscous forces, thus increasing the veloc-
ity of the near hot-wall � uid further. Because the mass-� ow rate
at any streamwise location is constant, the velocity away from the
hot wall decreases. Therefore, the velocity near the adiabatic wall
decreases until its value comes close to zero, causing separation of
the � ow to occur there.The size of this separationbubble,according
to the preceding discussion, should increase as Gr=Re2 increases,
which is shown in Figs. 4c and 4d. As the concavity of the channel
is decreased (i.e., as R=L is increased), the degree of channel’s ex-
pansion is reduced, which, in turn, reduces the deceleration of the
� uid and causes the size of the separation bubble to diminish until
it vanishes for a certain value of R=L and Gr=Re2 . Figures 4e– 4h
indicate that at R=L D 2:5 no separation is encountered over the
Gr=Re2 ranges studied.

The corresponding isotherm plots presented in Fig. 4 re� ect the
just-described behavior. At low values of Gr=Re2, caused by the
recirculation zone near the exit of the heated concave section of
the channel, the temperature gradients are relatively small. As
Gr=Re2 increases and the recirculationbubble disappears along the
heated wall, a stronger thermal plume, characterizing boundary-
layer type � ows, rises along the heated wall and is evident from the
concentrationof isothermsin thehot-wallregion.A similar behavior
is observed for higher values of R=L (Figs. 4m– 4p), where separa-
tion along the heated wall is not encountered and the isotherms re-
� ect a thermal boundary-layer-typebehavioralong the heated wall.

Temperature and Velocity Distributions

The effects of buoyancy forces on temperature and velocity pro-
� les aredisplayedin Figs. 5 and6, respectively.InFig. 5a the temper-
ature distributionsacross the midheight of the channel are presented
for an aspect ratio of 1.04. As shown, temperature pro� les exhibit a
boundary-layer behavior with steeper gradients at higher values of
Gr=Re2, indicatinghigher heat-transferrates.At higherGr=Re2 val-

Fig. 5a Temperature distributionsacross the midheightof the concave
channel (R/L = 1 04).

Fig. 5b Temperature distributionsat three streamwise locationsof the
concave channel (R/L = 1 25).

Fig. 6a Velocity distributions across the midheight of the concave
channel (R/L = 1 04).

Fig. 6b Velocity distributions at three streamwise locations of the con-
cave channel (R/L = 1 25).

ues natural convection becomes increasingly more important and,
hence, accelerates the � ow along the curved hot wall resulting in
an increase in convection heat-transfer coef� cient. In the present
concave-channel situation, while buoyancy accelerates the � ow in
the streamwise direction,the increase in the channelcross-sectional
area in the streamwise direction causes � ow deceleration.

The temperaturepro� les at three different cross-stream locations
along the channel (Y D 0.1, 0.5, 0.9), for the case when R=L D 1.25
and for Gr=Re2 of 0.1 and 5, are depicted in Fig. 5b. These pro� les
expectedly indicate steeper gradients and thinner thermal boundary
layers near the inlet of the channel. The pro� les for both Gr=Re2

close to the channel inlet (Y D 0:1) are nearly identical because
buoyancy is not strongly established at this location. As the � ow
proceeds downstream, buoyancy effects manifest themselves, and
the curves for different Gr=Re2 values are seen to be further apart.

The plotsdisplayedin Fig. 6a revealthat thevelocitypro� le across
the midheight of the channel at low Gr=Re2 value (Gr=Re2 D 0 and
0.1) has almost a parabolic distribution and is nearly symmetrical.
As Gr=Re2 increases, the pro� les peak near the heated wall because
of the increase in buoyancy forces, which accelerate the � uid along
the hot wall. Flow acceleration along the heated wall is associated
with � ow decelerationat othercross-streamlocationsto ensuremass
conservation. Therefore, as Gr=Re2 increases, the velocity pro� les
peak near the heated wall, but the maximum velocity of the � uid
decreases with the location of the maximum moving towards the
hot wall. At constant Gr=Re2 (Fig. 6b) the maximum velocity in
the channel decreases as the � ow proceeds downstream because
of the increase in the channel’s cross-sectional area. The velocity
pro� le near the inlet (Y D 0:1) is more or less unaffectedby Gr=Re2;
this was also observed in the temperature plots of Fig. 5. Further
downstream,the in� uenceof Gr=Re2 is much higher,with the higher
buoyancy forces accelerating the � ow adjacent to the hot wall and
creating a local peak.
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Table 2 Average Nusselt number values in concave and convex channels

1.04a 1.25 2.5 1 1 1 1
(1.35, 35%)b (1.159, 15.9%) (1.029, 2.9%) (1, 0%) (1.029, 2.9%) (1.159, 15.9%) (1.35, 35%)

Gr=Re2 Nu %1Nuh %1Nul Nu %1Nuh %1Nul Nu %1Nuh %1Nul Nu Nu Nu Nu

Concave channels
0 8.25 ¡0.96 ¡12.51 7.82 ¡6.12 ¡10.53 7.86 ¡5.64 ¡6.87 8.33 8.44 8.74 9.43
0.1 8.32 ¡0.83 ¡12.05 7.85 ¡6.44 ¡11.40 7.93 ¡5.48 ¡6.71 8.39 8.50 8.86 9.46
1 9.17 3.85 ¡9.30 8.52 ¡3.51 ¡9.36 8.50 ¡3.74 ¡5.24 8.83 8.97 9.40 10.11
3 10.57 10.10 ¡5.29 9.68 0.83 ¡6.02 9.45 ¡1.56 ¡3.18 9.60 9.76 10.30 11.16
5 11.48 12.77 ¡3.77 10.48 2.95 ¡4.38 10.13 ¡0.49 ¡2.22 10.18 10.36 10.96 11.93

Convex channels
0 10.35 24.25 9.76 9.26 11.16 5.95 8.55 2.64 1.30 8.33 8.44 8.74 9.43
0.1 10.48 24.91 10.78 9.31 10.97 5.08 8.61 2.62 1.29 8.39 8.50 8.86 9.46
1 10.88 23.22 7.62 9.69 9.74 3.09 9.03 2.26 0.67 8.83 8.97 9.40 10.11
3 11.68 21.67 4.66 10.42 8.54 1.17 9.76 1.67 0.00 9.60 9.76 10.30 11.16
5 12.34 21.22 3.44 11.02 8.25 0.55 10.33 1.47 ¡0.29 10.18 10.36 10.96 11.93

a R=L . b (S; %1S).

Local and Average Nusselt Numbers

The heat-transfer effectiveness of the channel is displayed in
terms of local and average Nusselt-number values. The local heat-
transfer coef� cient and Nusselt number are calculated along the
heated wall using the following equations:

NuS D hS=k (10)

h D ¡k
dT

dn
wall

.Tw ¡ T0/ (11)

where S is the total length of the heated section and n is the normal
distance to the wall.

The effects of varyingGr=Re2 on local Nusselt number NuS vari-
ation along the hot wall are illustratedin Fig. 7a for the two cases of
R=L D 1:25 and 1 where there is no � ow separationat any Gr=Re2.
The Nusselt-number pro� les for both cases therefore look similar
with a peak at the inlet followed by a subsequent streamwise decay
along the heated surface as the near-wall � uid becomes hotter. In
general, the level of NuS increases as the buoyancy forces increase
because of the acceleration of the near-wall � uid by buoyancy. For
the curved channel at R=L D 1:25, the effects of the added surface
area (which increasesbuoyancy-inducedaccelerationandheattrans-
fer) is partially offset by the increasing cross-sectionalarea (which
decreases the velocity and surface heat transfer).

The effects of changing R=L on the distributionof Nusselt num-
ber along the hot wall is depicted in Fig. 7b. The Gr=Re2 D 1 case is
selected for presentation because no signi� cant separation is noted
along the heated wall, and therefore NuS variations for the different
R=L casesconsideredare a consequenceprimarilyof the heatedsur-
facearea and changesin the � ow cross-sectionalarea.As shown, de-
creasing R=L increases the heat-transfersurface area, which in turn
increases the overall heat transfer with the highest increase being
associated with the lowest aspect ratio (R=L D 1:04). On the other
hand, the cross-sectionalarea increasesby the greatestextent for the
smallest aspect ratio (R=L ) case, and this case is therefore associ-
ated with the most adverse pressure gradient and � ow deceleration.
Therefore,as R=L decreases,becauseof the counteractingeffectsof
addedheat-transfersurfacearea and increasingcross-sectionalarea,
the Nusselt-numberpro� lesdo not showsigni� cant differenceswith
respect to each other. The effect of the added heat-transfer area is
slightlygreater than the opposingeffect of the adversepressuregra-
dient, and when the localNusselt number pro� les are integrated, the
average Nusselt number (presented next) increases with decreasing
R=L.

AverageNusseltnumbersover the hot surfaceare calculatedusing
the following equation:

Nu D 1
S S

NuS dS (12)

and tabulated in Table 2 for R=L D 1:04, 1.25, 2.5, and 1. Com-
puted values are compared with corresponding estimates obtained

Fig. 7a Effect of buoyancy on local Nusselt-number distributions
along the hot wall of the concave channel (R/L = 1.25 and 1 ).

Fig. 7b Effect of channel aspect ratio on local Nusselt-number distri-
bution along the hot wall of the concave channel (Gr/Re2 = 1).

in straight channels. The � rst comparison is made with straight
channels of heights equal to those of the concave channels and
consequently with heated areas smaller than those of the concave
channels.The secondcomparisonis with straightchannelsof heated
areas equal to those of concave channels, and these channels are
consequently taller. The comparison is quantitativelyshown in Ta-
ble 2, where %1Nuh and %1Nul represent the percent increase
or decrease in heat transfer in a concave channel as compared to a
straightchannel of equal height or equal heated length, respectively.
Moreover, S and %1S displayed in Table 2 represent the lengthand
the percent increase in length of the heated section as compared to a
straight channel of equal height. In all cases (Table 2) Nu increases
with increasing Gr=Re2 and/or decreasing R=L , which is expected
because increasing Gr=Re2 accelerates the near hot-wall � uid, as
explained earlier, and decreasing R=L increases the heat-transfer
surface area.
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Fig. 8 Streamline and isotherm plots for convex channels.

Comparing channels of equal heights, the results indicate that
at low Gr=Re2 the heat transfer from concave channels is lower
than its counterpart in straight channels because of the decrease in
surface heat transfer caused by the recirculation resulting from the
divergence in the channel. This separation-induceddecrease in NuS

exceeds the increase in the surface heat transfer associatedwith the
greaterheated surface area of the concavechannel.This is true at all
aspects ratios. At high Gr=Re2 values, however, concave channels
of low R=L have higher heat-transferrates caused by the absenceof
separationcombinedwith thebuoyancyactingovera longerdistance
along the hot wall. It can be inferred from Table 2 that at a given
Gr=Re2 there exist critical R=L for which the total heat transfer is
minimum. The value of this critical aspect ratio is seen to increase
with increasing Gr=Re2 .

Comparing channels of equal heated lengths, results show Nu
to be consistently lower in the concave channel. Because now the
comparison is based on equal heated surface areas, the differences
in heat transfer for the different cases are directly attributable to
the velocities adjacent to the heated surface in the channel. For
concave channels because of the larger � ow cross-sectional area,
the velocities are lower. The differences (% 1NuL ) decrease with
increasing Gr=Re2 presumably because the � ow remains attached
on the curved surface at higher values of Gr=Re2 as it does in a
straight channel, and geometrical effects are weak. The differences
also decreasewith increasing R=L because the concavitydecreases
and the geometry increasingly approaches the straight channel
geometry.

The average Nusselt-number values displayed in the upper half
of Table 2 along with the estimates for R=L D 5 and 10, which
are not displayed for compactness, are correlated with a maximum
deviation of less than §7:03% via the following relation:

Nu D 8:1[1 C 1=.R=L/]0:035.1 C Gr=Re2/0:141 (13)

Fig. 9a Temperature distributions across the midheight of the convex
channel (R/L = 1 04).

Fig. 9b Temperature distributionsat three streamwise locationsof the
convex channel (R/L = 1 25).

Convex Channels

In convex channels the surface curvature increases the heated
surface area and decreases the � ow cross section in the streamwise
direction. These effects aid each other and contribute to an increase
in the overall surface heat transfer.

Streamlines and Isotherms

The effects of Gr=Re2 on the � ow and temperature � elds are
presented in Fig. 8. As shown, streamlines follow the shape of the
channel.Moreover, there is no recirculationassociatedwith the con-
vex channel because of its convergence that increases the velocity
and decreases the pressure. In view of the absenceof separation, the
convex channel is likely to have higher heat-transfer rates than the
concave channels. Further, isotherms are more concentrated near
the hot wall indicating a boundary-layer-typebehavior. This clus-
tering of isotherms, which is higher at higher Gr=Re2 , may be ex-
plained by noting that increasing the buoyancy forces increases the
near hot-wall � uid velocity and thereby the heat-transfer coef� -
cient. Higher heat-transfer coef� cients are associated with higher
temperaturegradients,and consequentlythe isotherms show denser
clustering at higher Gr=Re2 values.

Temperature and Velocity Distributions

The temperature and velocity pro� les at several cross-stream lo-
cations along the channel and for different values of Gr=Re2 are
displayed in Figs. 9 and 10, respectively. The effects of buoyancy
on temperature (Fig. 9a) and velocity (Fig. 10a) pro� les across the
midheight of a channelof R=L D 1:04 are seen to be similar to those
obtained in a concave channel. The primary difference is that the
velocity and temperaturegradientsnear the heated wall are stronger
for the convexchannel becauseof the combinedeffects of buoyancy
and � ow accelerationcaused by the decreasingcross-sectionalarea.
Recall that in the concave channel buoyancy accelerated the � ow
while the increasing cross-sectionalarea decelerated the � ow.
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Fig. 10a Velocity distributions across the midheight of the convex
channel (R/L = 1 04).

Fig. 10b Velocity distributions at three streamwise locations of the
convex channel (R/L = 1 25).

The temperature and velocity pro� les at several locations along
the channel are presented in Figs. 9b and 10b, respectively. In both
� gures pro� les are displayed at three different locations (Y D 0:1,
0.5, and 0.9) along a channel of an aspect ratio 1.25 and for two
Gr=Re2 values (Gr=Re2 D 0:1 and 5). An observation to be made
in Fig. 9b is that as the � ow proceeds downstream the in� uence of
Gr=Re2 increasesinitially(at Y D 0:5)becauseof buoyancy-induced
acceleration,and then becomes less distinctive (at Y D 0:9) because
of � ow acceleration associated with area reduction in the concave
channel.Therefore, the forced-convectioneffects becomedominant
near the exit of the channel. Thus, the use of convex channels in-
creases the relative importance of forced-convectionheat transfer.

The velocity pro� les (Fig. 10b) reveal that at constant Gr=Re2

the maximum velocity in the channel increases as the � ow proceeds
downstreambecauseof the decreasein the channel’s cross-sectional
area and the effect of buoyancy. At Gr=Re2 D 0:1 buoyancy effects
are weak, and the increasein the channelvelocitiesis causedprimar-
ily by decreasing� ow cross-sectionalarea.At Gr=Re2 D 5 buoyancy
effects are strong, and the differencesin this pro� le compared to the
Gr=Re2 D 0:1 pro� le are directly caused by the additionalbuoyancy
effects. These buoyancy-induceddifferencesare primarily con� ned
to the region near the heated wall. Note that the concave-channel
pro� les at high and low Gr=Re2 values show much greater disparity
than the convex channel pro� les because of the opposing effects
of buoyancy and increasing cross section in the concave channel
and the aiding effects of buoyancy and decreasing cross section in
a convex channel.

Local and Average Nusselt Numbers

The local heat-transfer coef� cient and Nusselt number along the
hotwall are calculatedusingEq. (11).The localNusselt-numberNuS

distribution for various values of Gr=Re2 is presented in Fig. 11a.
As stated earlier, the maximum value of the local Nusselt number
occurs at the inlet of the channel.As the � uid proceedsdownstream,

Fig. 11a Effects of buoyancy forces on local Nusselt-number distribu-
tions along the hot wall (R/L = 1 04).

Fig. 11b Comparison of local Nusselt-number distributions along the
hot wall of a concave and convex channel (R/L = 1 04) with the Nusselt
number for a straight vertical channel of equal height (Gr/Re2 = 1).

its temperature rises, and, consequently, the corresponding local
Nusselt number decreases. As the � ow approaches the exit of the
convex section, NuS shows a further increase, which is because of
the acceleration of the � uid toward the exit of the channel. Such
behavior increases the overall heat transfer in convex channels as
compared to concave and straight channels.

Figure 11b gives a clearer view of the effects of the channel’s
con� guration on the distribution of NuS . In the entrance region
(S < 0:05) the convex channel has the highest heat transfer; in the
midspan regions (0:05 < S < 1) the differencesare rather small with
the concave channel having the highest NuS values and the straight
channelhaving the lowest values.As the � ow proceedsdownstream,
the picturechanges,and the convexchannelachievesthehighestand
the concave channel the lowest values of NuS because of their con-
verging and diverging shapes, respectively. The differences in this
region (S > 1) are quite signi� cant, with Nusselt numbers varying
by a factor of 2– 4.

The overall heat transfer results [Nu, Eq. (12)] in convex chan-
nels are compared with corresponding values obtained in straight
channels (Table 2). For all cases Nu increases with increasing
Gr=Re2 caused by buoyancy-inducedacceleration and/or decreas-
ing R=L caused by accelerationinducedby a reduction in the cross-
sectional area. Moreover, results reveal that convex channels en-
hanceheat transfer signi� cantlymore as comparedto concavechan-
nels. This, as noted earlier, is becausebuoyancy and cross-sectional
area changes aid each other in convex-channel � ows and oppose
each other in concave-channel� ows.As expected,increasingthe as-
pect ratio R=L decreasesthe percent increasecausedby the decrease
in the available heat-transfer area. A maximum increase of 24.9%
is achieved by the channel of the lowest aspect ratio (R=L D 1:04)
and at the lowest value of buoyancy (Gr=Re2 D 0:1). Table 2 also
shows that convex channels still provide higher values of Nu even
when compared with those obtained over longer straight channels
of equal heated length.



516 MOUKALLED, DOUGHAN, AND ACHARYA

The average Nusselt number values, displayed in the lower half
of Table 2 along with values obtained for R=L D 5 and 10, are
correlated as

Nu D 8:08[1 C 1=.R=L/]0:271.1 C Gr=Re2/0:103 (14)

with a maximum deviation of less than §6:32%.

Conclusion
A numerical study of laminar mixed-convectionheat transfer in

concave and convex channels was presented. Results indicated that
convex channels provide signi� cant improvements in heat transfer
over straight channels of equal heights or equal heated lengths.The
rate of this heat-transfer enhancement was found to increase with
decreasing aspect ratio and increasing buoyancy forces. In concave
channels the heat-transfer rate was found to increase relative to
straight channels of equal heights only at high values of Gr=Re2.
Compared to straight channels of equal heated lengths, the heat-
transfer rate in a concave channel is always found to decrease.
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